Light bosonic fields are ubiquitous in extensions of the Standard Model. Even when minimally coupled to gravity, these fields might evade the assumptions of the black-hole no-hair theorems and give rise to spinning black holes which can be drastically different from the Kerr metric. Furthermore, they allow for self-gravitating compact solitons, known as (scalar or Proca) boson stars. The quasi-periodic oscillations (QPOs) observed in the X-ray flux emitted by accreting compact objects carry information about the strong-field region, thus providing a powerful tool to constrain deviations from Kerr's geometry and to search for exotic compact objects. By using the relativistic precession model as a proxy to interpret the QPOs in terms of geodesic frequencies, we investigate how the QPO frequencies could be used to test the no-hair theorem and the existence of light bosonic fields near accreting compact objects. We show that a detection of two QPO triplets with current sensitivity can already constrain these models, and that the future eXTP mission or a LOFT-like mission can set very stringent constraints on black holes with bosonic hair and on (scalar or Proca) boson stars. The peculiar geodesic structure of compact scalar/Proca boson stars implies that these objects can easily be ruled out as alternative models for X-ray source GRO J1655-40.
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I. INTRODUCTION
As the simplest macroscopic objects in the universe, black holes (BHs) are unique probes of fundamental physics and of gravity in extreme conditions [1] . Stationary vacuum solutions of Einstein's equations are uniquely described by the Kerr metric [2] , which depends only on two parameters, namely the mass M and the angular momentum J := a GM 2 /c -cf., e.g. [3] . BH no-hair theorems guarantee that this uniqueness holds true also for a variety of matter fields minimally coupled to gravity (see [4] for a historical account and [5, 6] for recent reviews). These theorems strongly suggest that the plethora of BHs which populate our universe in various mass ranges are universally described by the Kerr family [7] .
This paradigm has been recently challenged. The authors of Ref. [8] realized that -within general relativity -the nohair theorem can be evaded if matter fields are time dependent in such a way that their stress-energy tensor remains stationary. The same type of time dependence occurs in the familiar stationary states of non-relativistic quantum mechanics. Even when minimally coupled to gravity, these matter fields give rise to stationary BH solutions which -in addition to the mass M and angular momentum J -are characterized by an extra parameter, namely by a Noether charge Q (cf. Ref. [9] for a detailed discussion). These solutions have been found for (massive, complex) scalar [8] and for vector [10] fields and can be dramatically different from the classical Kerr solution. 1 Extensions with scalar self-interactions [11, 12] and electromagnetic fields [13] have also been constructed.
A visually striking illustration of these differences is provided by the corresponding BH shadows [14, 15] . Interestingly, these hairy BHs are related to the threshold of the superradiant instability of Kerr BHs, which also provides one possible natural mechanism for their formation [16, 17] : in the presence of light bosons, Kerr BHs which can form in the gravitational collapse or in a merger can lose angular momentum due to the occurrence of the superradiant instability; part of the energy is transferred to a bosonic condensate and the BH develops a bosonic "hair" (cf. Ref. [18] for an overview of BH superradiance). These solutions interpolate between a Kerr BH (when Q = 0) and a boson star (when Q is maximum). The latter is a self-gravitating compact object made of a scalar [19, 20] or a Proca [21] condensate. Scalar boson stars, hereafter simply "boson stars" following widespread terminology, have been studied for long time (cf. Refs. [22, 23] for reviews) as an example of exotic compact objects that can mimic the properties of a BH but lack an event horizon [1] . Somewhat surprisingly, their vector cousins, Proca boson stars, hereafter simply "Proca stars" following [21] , have only recently been constructed. While BHs with bosonic hair and boson/Proca stars exist for any nonvanishing boson mass m b = µ , their ADM mass, M , is restricted 2 to M µ 1. This requires an ultralight bosonic field, m b 10 −11 (10M /M ) eV. Much higher boson field masses, say of ∼ GeV can lead to hairy BHs with astrophysical ADM masses M , if bosonic self-interactions are included [12] . But, as observed in [12] , for the BH horizon mass to be M or higher, an ultralight bosonic field is still required.
Such ultralight fields are ubiquitous in extensions of the Standard Model, such as the hidden U (1) sector [24, 25] , and are predicted from string theory models such as the "string axiverse" scenario [26] . Furthermore, sub-eV fields are natural dark-matter candidates that are attracting increasing attention, see e.g. [27] , in light of the negative results of WIMP-like dark matter searches [28] . In several models, the mass spectrum of ultralight bosons roughly ranges from ∼ 10 −33 eV to the subeV scale [26] . Interestingly, the superradiant instability time scale depends strongly on the value of M µ and it is only effective for BHs with mass M ∼ 1/µ [18] . Thus, depending on the value of the boson mass, Kerr BHs might be unstable in a certain mass range and dynamically evolve [16] towards the hairy solutions discussed here, whereas much heavier/lighter Kerr BHs would remain stable. In other words, these models predict that both Kerr BHs and hairy BHs or boson stars can exist in the universe, and it is important to devise tools to distinguish among different solutions.
The spectrum emitted by accreting compact objects provides us with invaluable information to study the properties of strong gravitating systems. Most of the radiation originates very deep in the gravitational field of these objects and holds the potential to test the near-horizon region of BHs. Indeed, X-ray observations are a powerful tool to study accreting BHs, either of stellar mass in binary systems or supermassive in Active Galactic Nuclei (AGNs), and accreting neutron stars. The accretion disks of these objects have a soft X-ray continuum emission, whose highest temperature allows to measure the innermost disk radius, which is quite naturally assumed to correspond to the Innermost Stable Circular Orbit (ISCO). It is thus possible to infer the spin of stellar mass BHs, since the latter is directly related to the ISCO radius, assuming the Kerr model (for a review see [29] ). A powerful diagnostic technique is based on the analysis of the broad iron Kα line, which is observed in the X-ray spectrum of accreting BHs (both in binaries and in AGNs) around ∼ 6 keV. The shape of this line carries the imprint of the emissivity and of the geometrical properties of the inner disk region (for a review see e.g. [30, 31] ).
The first proposals to study the geodesic motion in the strong field, inner disc region using the fast variability of the X-ray flux emitted by matter close to BHs and neutron stars date back to the 1970s (e.g. [32] ). However, this approach has only been applied twenty years later, when Quasi Periodic Oscillations (QPOs) were discovered in the X-ray flux from accreting compact objects. QPOs from accreting BHs in binaries have frequencies up to ∼ 450 Hz, close to those expected from bound orbits near the ISCO (for a review see [33] ). QPOs have also been detected in the X-ray flux from AGNs [34] . Several models have been proposed to describe this phenomenon; almost all of them involve frequencies associated to the orbital motion of matter in the inner disk region. In this strong-field region, a Newtonian description -but also a weak-field expansion of general relativity -are inadequate.
The first suggestion that QPOs may be used to test the strong-field regime of gravity were based on a simple model in which the QPO frequencies correspond to the geodesic motion of a test particle, e.g. a blob of fluid in the accretion disk [35, 36] . Although such simplistic model has been ruled out as an origin for QPOs (because it would imply a large number of higher harmonics which are not observed in the spectrum [37] or because the blob of fluid can be quickly destroyed by shear [38] ), viable extensions of the original idea (e.g., considering blobs extended along the azimuthal direction or due to some replenishment mechanism for the blobs) are still under consideration. Furthermore, virtually all models aiming at explaining the QPOs observed from accreting compact objects are based on the motion of fluid along the accretion disk as key ingredient. These include more realistic models which are based on an analysis of eigenmodes of accretion fluid [39] [40] [41] [42] [43] [44] [45] [46] (cf., e.g, Ref.
[47] for a recent review on QPOs in BH X-ray binaries). Due to its connection to the motion of matter near the ISCO, if properly modelled the QPO signal can provide a powerful diagnostic of strong gravitational fields. Compared to neutron stars, BHs are especially promising in this respect, due to their simplicity, the lack of strong magnetic fields, and the absence of a "hard" surface, which can alter considerably the dynamics of matter inflow. Simultaneous QPO modes in BHs have so far been detected only in a few cases; the BH X-ray binary GRO J1655-40 is the only BH system in which three simultaneous QPOs were observed. This triplet corresponds to two high-frequency modes (in the ratio 3 : 2, as observed in several other sources) and a low-frequency mode. Although high-frequency QPOs from BHs are much weaker and intermittent than their neutron-star counterparts, their frequency appear to be more constant over the baseline, and hence better suited for precision tests. All these properties are challenging to explain within a single QPO models. For example, the Relativistic Precession Model (RPM) considered in this work [see Section III] can explain the QPO triplet naturally, but does not explain the rational ratio of the twin kHz QPOs. On the other hand, resonance models [48, 49] can explain this fixed ratio in terms of nonlinear resonances between modes of accretion disk oscillations, but require some extension [50] to accommodate the QPO triplet of GRO J1655-40. Recently, by interpreting the QPO triplet with the RPM, Ref. [51] derived precise measurements of the BH mass and spin, the former being in agreement with the mass obtained from optical observations.
Next-generation large area X-ray instruments -such as the upcoming eXTP satellite [52, 53] and the proposed detector LOFT [54] -are expected to detect several simultaneous QPOs in a variety of BHs, and to measure their frequencies to high precision and accuracy, so that a better modeling of the QPO signal and quantitative tests of gravity in the strong-field regime will become feasible. An analysis of the QPO frequencies to test the nature of the Kerr metric was performed in Ref. [55] for a phenomenological deformation of the Kerr metric, whereas the QPO spectroscopy of spinning BHs in modified theories of gravity with quadratic curvature terms has been recently performed in Ref. [56] and in Refs. [57, 58] , finding that -especially in the case of Einstein-dilaton-Gauss-Bonnet gravity [1] -interesting constraints can be obtained by future QPO measurements.
In this paper, we calculate the azimuthal and epicyclic frequencies of spinning BHs with scalar and Proca hair, and find that these can differ dramatically from their Kerr counterpart. This is no surprise, since spinning BHs with scalar and Proca hair are not necessarily described by small deformations of the Kerr solution as in most theories of modified gravity [1] . Indeed, these solutions interpolate between Kerr BHs and boson stars, the latter being horizonless objects more akin to stars than to BHs. Using the RPM, we show that the differences between the QPO frequencies of a Kerr BH and of a BH with bosonic hair or of a boson star are already detectable with current facilities, and that future large-area X-ray instruments such as eXTP will provide very stringent constraints on these solutions.
Recently, similar tests have been performed on BHs with scalar hair and on (scalar) boson stars using the iron Kα line expected in the reflection spectrum of accreting BHs [59, 60] . Our results using QPO diagnostics are qualitatively similar to those derived with the iron Kα line and, in addition, extend those conclusions to the vector case.
II. SPINNING BLACK HOLES WITH BOSONIC HAIR
We stress that the objects under inspection arise as solutions of standard general relativity minimally coupled to a (massive, complex) scalar or vector field. The theory can be described by the following action (we use units in which G = c = 1)
where R is the Ricci curvature, Ψ is the (complex) scalar field,
A a is the (complex) Proca field and a bar denotes complex conjugation. Since in our study we consider the scalar and the vector cases separately, we unify the notation by setting µ = µ S or µ = µ V for the mass term 3 of the scalar field and of the vector field, respectively. In the action above, we have assumed that the bosonic field is very weakly coupled to ordinary matter (e.g. to the plasma of an accretion disk) so that we can effectively ignore this coupling. This is a very natural assumption if the field is a dark-matter candidate and is also consistent with the fact that ultralight fields have not been detected so far in particle-detector experiments [24, 25] . The field equations of the theory are the standard Einstein equations, G ab = 8πT ab , where the stress-energy tensor reads
for the scalar field, and
for the vector field. Einstein's equations are supplied by either the Klein-Gordon equation or the Proca equation,
in the scalar and vector case, respectively. The Kerr metric is clearly a solution of the above field equations when Ψ = 0 and A a = 0. However, it is not the only stationary and axisymmetric regular BH in this theory [8] [9] [10] . A new family of solutions describing Kerr BHs with scalar or vector hair 4 [hereafter hairy BHs (HBHs)] can be obtained when the scalar or the vector fields have an oscillatory behavior, namely
where m is an integer and w is the characteristic frequency of the oscillation. In this case the stress-energy tensor is stationary. As a consequence, the metric remains stationary and it can be described by the following ansatz
where N := 1 − r H /r and r H is the BH horizon, while F i and W are functions of (r, θ). The metric and the scalar (resp. the vector) field can be obtained by solving numerically Einstein's equations coupled to the Klein-Gordon (resp. Proca) equation [8] [9] [10] . The numerical solutions are defined by five parameters: the ADM mass M , the ADM angular momentum J, a Noether charge Q, the azimuthal harmonic index m and the node number n [8, 9] . In this work, we shall restrict to the most interesting cases and consider m = 1 and only the fundamental states (n = 0 and n = 1 for the scalar and vector case, respectively). It is convenient to introduce a normalized Noether charge q := mQ/J, such that 0 ≤ q ≤ 1 [8, 9] . 5 For each value of M, J, m, n, and fixed µ, there can be (at most) three solutions: the Kerr solution, with q = 0; the boson star solution, with q = 1; and a HBH solution, with 0 < q < 1.
The normalized charge q for the HBH solution is a function M, J, m, n (and of course of the scalar/vector field mass µ, which is a parameter of the theory).
As discussed in Refs. [8, 9] , stationary metric solutions only exist at the threshold of the superradiant condition [18] , i.e. when
where Ω H (M, J, q) is the angular velocity at the event horizon. Therefore, the frequency w for the HBH solution is completely fixed in terms of M , J and q (cf. Ref. [9] for details).
It is important to notice that the mass term µ enters the solutions simply as a rescaling factor. Hence, for fixed values of the spin parameter a and of the normalized Noether charge q, solutions with the same combination M µ are the same. In the following, we will present our results in terms of the dimensionless quantities
for the BH mass and for the geodesic frequencies, respectively. By using the above relations, it is straightforward to convert our results in physical units for a given boson mass
The parameter space of HBH solutions is summarized in Fig. 1 . The numerical solutions considered in this work (denoted by markers) are a representative sample of the entire parameter space. Some relevant properties of these solutions are listed in Table I . In particular, note that some HBHs can exceed the Kerr bound on the spin, i.e. they have a > 1 without being naked singularities [8, 9] .
The parameter space of HBHs is very rich and there is no single known parameter that captures all the deviations from the Kerr case [9] . The normalized Noether charge q, which vanishes for Kerr, has certainly some information about these deviations; but alone it is not always a faithful indicator of the departures from Kerr, since experience shows the latter do not grow monotonically with q. To illustrate the limitations of q, consider a solution with a fairly large q but with a very spread out bosonic hair, with respect to the horizon scale. In this case, the energy density of the bosonic field (and, in turn, its backreaction on the metric) is small. Thus, it is expected that such models can be very similar to Kerr in terms of the near horizon physics, despite the large q. To propose an improved deviation parameter, we observe that a measure of how much the bosonic field is spread out is provided by its asymptotic decay, which reads, say for the scalar field, Ψ ∼ e − √ µ 2 −w 2 r /r. The factor λ ∼ 1/ µ 2 − w 2 is the asymptotic decay scale of the bosonic field, and hence provides a measure of how much the latter is diluted. With this motivation, we found it convenient to introduce another phenomenological parameter,
in terms of which the deviations of the BH solutions indeed display a smoother behavior, cf. Table I and the discussion in the next sections. In particular, in the analyses presented below, we found that for larger z, it is easier to distinguish HBHs (both in the scalar and in the vector case) from their Kerr counterpart. From the definition (12), we note that z is small when q ∼ 0 (i.e. close to vacuum Kerr BHs), but also when w ∼ µ, i.e. in the rightmost lower part of the parameter space shown in the left panels of Fig. 1 , in which q can also be close to unity but the bosonic field is non-compact, and the boson/Proca stars are in the Newtonian regime.
III. QUASI-PERIODIC OSCILLATIONS IN THE X-RAY FLUX OF ACCRETING BLACK HOLES
QPOs in the X-ray spectrum from accreting BHs and neutron stars provide a clean environment to study the properties of strong gravitational fields through the motion of matter that generates these oscillations (for some reviews see [47, 63] ). In the last decades, a few models have been developed to describe the QPO spectra. Among them, especially successful models are the RPM and the epicyclic resonance model [48, 49] . In this work we base our analysis upon the RPM, although qualitatively similar results apply to any QPO model based on geodesic motion [58] .
The RPM was originally formulated to model the QPO triplets, formed by twin QPOs around ∼ 1 kHz and a lowfrequency QPO mode (the so-called Horizontal Branch Oscillations), observed in the X-ray spectra from accreting neutron stars [36, 64] . The high-frequency twin QPOs are identified with the azimuthal frequency (ν ϕ ) and the periastron precession frequency (ν per = ν ϕ − ν r ) of matter in a quasicircular orbits with a given radius r, while the low-frequency QPO mode is identified with the nodal precession frequency (ν nod = ν ϕ − ν θ ). Here ν r , ν θ are the radial and vertical epicyclic frequencies of the quasi-circular orbit, respectively. We remark that the three QPOs at frequencies ν ϕ , ν per and ν nod are emitted at the same radiusr. Different QPO triplets observed from individual neutron stars are well reproduced in the RPM, since they are assumed to correspond to different emission radii.
The RPM has been applied to BH systems [65] , but only recently, when a QPO triplet has been detected in the accreting BH system, a complete application of the RPM model to BHs has been possible. Two high-frequency and one low-frequency QPOs have been simultaneously detected from GRO J1655-40 [51, 66] . Their centroid frequencies have been measured by the Rossi X-ray Timing Explorer (RXTE) mission with 1σ uncertainties in the 1-2% range: spectro-photometric observations, (5.4 ± 0.3)M [67] . The QPO radius has been found to ber = (5.68 ± 0.04) M , very deep in the BH gravitational field.
From the detection of a single QPO triplet it is only possible to extract the three quantities M, a ,r, with no redundancy. Detections of more triplets from the same BH can give additional information on the properties of strong-field gravity, such as, for instance, the radial dependence of the azimuthal and epicyclic frequencies. Since the signal-to-noise ratio of incoherent signals like QPOs scales linearly with the rates of photons detected by counting instruments, the precision in QPO measurements increases with the area of the detector. Large-area detectors, such as the future eXTP satellite [52, 53] and the proposed LOFT detector [54] , will allow the detection of QPOs from accreting BHs with much larger accuracy. In this article, our calculations are based on the large area instrument LAD/eXTP, which is expected to be ∼ 5 times more accurate than RXTE-PCA. Thus, for instance, we expect that a measurement with eXTP would have errors ∼ 5 times smaller than the RXTE errors reported in Eq. (13).
A. Azimuthal and epicyclic frequencies of a spinning compact object
If the extra bosonic field is only weakly coupled to ordinary matter, it does not interfere with the dynamics of test bodies, except for its own gravitational potential. Thus, the motion of test particles on the equatorial plane is geodesic and can be conveniently studied in terms of the epicyclic frequencies (e.g. [56, [68] [69] [70] ). Here we follow the derivation of [57] [cf. also Refs. [71] for earlier work] for the epicyclic frequencies of a stationary and axisymmetric geometry such as (8) . (12)]. MB and a B := JB/M 2 denote the mass and the (dimensionless) angular momentum of the bosonic condensate as computed in Refs. [6, 8] , whereas rH and R99 are the BH horizon and the radius containing 99% of the bosonic mass [23] . ρISCO is the circumferential radius [ρ := re F 2 (r) , cf. line element 8] of the ISCO, and ρ Kerr ISCO is the corresponding value for a Kerr BH with the same mass and spin (provided a < 1).
Namely, we consider
where g µν = g µν (r, θ), the angular velocity of corotating orbits reads
whereas the radial and angular frequencies are
Here we have defined
with l := L/E, and
are the specific energy and angular momentum of the corotating orbit. Note that U is related to the standard effective potential V (r) for radial, equatorial motion,
where a dot denotes derivative with respect to the proper time. In particular, circular orbits at r =r require E 2 = −1/U(r, π/2) (and therefore U(r, π/2) < 0) as well as ∂U ∂r (r, π/2) = 0. The ISCO is defined by the further condition
(r ISCO , π/2) = 0 (i.e., ν r = 0), and therefore the stability of circular orbits requires
Finally, the periastron and nodal precession frequencies read
In several models, the QPO frequencies are related to the epicyclic frequencies defined above. In particular, in the RPM, the azimuthal frequency, ν ϕ , defined in Eq. (15) , and the two above frequencies are identified with a QPO triplet.
IV. RESULTS

A. Azimuthal and epicyclic frequencies of BHs with bosonic hair
We have computed the frequencies ν ϕ , ν r , ν θ , ν per and ν nod for the HBH solutions presented in Fig. 1 and in Table I . In Fig. 2 , we show the azimuthal and epicyclic frequencies for some representative example of solutions, and we compare them with their Kerr counterparts, which are given by [72] [73] [74] 
where R is the standard Boyer-Lindquist radial coordinate, which is related to the radial coordinate defined in Eq. (8) by a simple shift,
. When a < 1, we have performed this transformation in order to evaluate both metrics in the same coordinate system.
In Figure 2 , we show that the behavior of the azimuthal and epicyclic frequencies of the HBH solutions can be drastically different from that of a Kerr BH with the same mass and spin. In particular, the geodesic frequencies near the ISCO display order-one deviations and, as shown in Table I , the circumferential radius of the ISCO itself can differ by more than a factor of 5 [8, 9] .
For clarity, in Figure 3 we show the azimuthal and epicyclic frequencies for solution s11. It is interesting to note that the hierarchy of the frequencies depends on the emission radius.
We stress that in the theory under consideration [cf. Eq. (1)] the boson-mass term µ is a scale factor for all dimensionful quantities. In particular, we found it convenient to normalize the frequencies shown in Figs. 2 and 3 by µ. By using Eq. (11), it is straightforward to convert the values of ν/µ to the corresponding frequency expressed in Hertz, after a given mass µ is specificed. With our normalization, the results presented in Figs. 2, 3 and below are valid for any value of µ.
B. QPO spectroscopy of BHs with bosonic hair
According to the RPM, the three simultaneous QPO frequencies (ν ϕ , ν per , ν nod ) are all generated at the same radial coordinater in the accretion flow. In the Kerr case, for each such triplet, Eqs. (22)- (24) can be solved analytically for the three unknown parameters (M, a ,r). However, as discussed above, HBHs have an extra parameter. Therefore, at least one more QPO triplet is required in the RPM in order to develop a null-hypothesis test of the Kerr metric. Furthermore, as previously explained solutions with the same (M µ, a , q) are equivalent, so it is sufficient to set the value of µ to make the mass M agree with the observations. It is expected that future very high effective-area instruments will allow for the detection of multiple QPO triplets corresponding to different radii in individual stellar mass BHs, which can therefore provide several independent tests. In this section, following the framework developed in Ref. [57] , we explore the potential of such observations to discriminate HBHs against Kerr BHs in the strong-field gravitational regime.
We concentrate first on the case in which two different QPO triplets are measured. We proceed as follows:
1. We assume the source of the QPOs is an accreting BH with bosonic hair, and choose a specific solution of Table I. From the tabulated solution, we can extract the mass, spin, Noether charge, and all relevant parameters, as explained in Refs. [9, 10] .
2. For a given solution, we compute numerically two triplets ν ref1 = (ν ϕ , ν per , ν nod ) 1 and ν ref2 = (ν ϕ , ν per , ν nod ) 2 , corresponding to two different fiducial emission radii, r 1 /r ISCO = 1.1 and r 2 /r ISCO = 1.4, respectively 6 . As previously discussed, we assume that these are the QPO frequencies measured by a nextgeneration large-area instrument (e.g. eXTP), with corresponding relative uncertainties 5 times smaller than those measured with the RXTE-PCA for GRO J1655-40 [see Eq. (13)]. In practice, we consider that in the relevant range the QPO frequencies will be detected with ≈ 0.2% relative accuracy. We denote the corresponding absolute errors on the frequencies as (σ ϕ , σ per , σ nod ).
3. We then interpret these simulated data as if they were generated from the accretion disk of a standard Kerr BH, and solve Eqs. (22)- (24) to infer the values of (M j , a j ,r j ), with j = 1, 2 corresponding to the two QPO triplets.
If the triplets ν ref1 , ν ref2 were generated by a Kerr BH (i.e. with q = 0 = z), this procedure would yield the same values of the mass and spin parameters (M 1 = M 2 and a 1 = a 2 ), to within statistical and numerical uncertainties. Conversely, when q = 0, we expect that this procedure would yield different values M 1 = M 2 and a 1 = a 2 .
To quantify this discrepancy, we use the same Monte Carlo approach developed in Ref. [57] . For each solution in Table I we compute numerically ν ref1 and ν ref2 and then draw N = 10 4 values (ν ϕ , ν per , ν nod ) j (with j = 1, 2 for ν ref1 and ν ref2 , respectively), from a Gaussian distribution, whose mean value is ν ref1 or ν ref2 and with standard deviation (σ ϕ , σ per , σ nod ).
Then, by inverting Eqs. (22)- (24), we compute the corresponding 2N values of (M, a ,r), which would correspond to the mass, spin and emission radius if the source was a Kerr BH. It is straightforward to check that, if N is sufficiently large, these quantities follow two multivariate Gaussian distributions N 1 (M 1 , a 1 , r 1 , Σ 1 ) and N 2 (M 2 , a 2 , r 2 , Σ 2 ), where (M j , a j , r j ) are the expectation values of the two sets of parameters (j = 1, 2), whereas Σ j are their covariance matrices.
In Figure 4 , we show the distribution of mass (top panel) and spin (bottom panel) obtained by this procedure, for solution s10 in Table I . For this specific solution, it is already clear from Fig. 4 that the distributions are grossly incompatible with the null hypothesis M 1 = M 2 , a 1 = a 2 . This analysis suggests that a measurement of two QPO triplets with the typical accuracy of a next-generation large effective-area detector can be used to distinguish HBHs from their counterparts in a very clear way. In order to quantify this statement, we perform a χ 2 -analysis similar to that developed in [57] . Namely, we construct the χ 2 distributed variable with 3 degrees of freedom, Table I . The generated frequencies follow Gaussian distributions with relative widths 5 times lower than those measured with the RXTE/PCA from GRO J1655-40, as expected for the eXTP/LAD instrument. defines the regions of ∆M , ∆a , ∆r that correspond to 1σ, 2σ, and 3σ confidence level in a Gaussian distribution equivalent, respectively.
In Figure 5 , we show the results of this statistical analysis applied to the case when the two simulated QPO triplets (ν ϕ , ν per , ν nod ) 1,2 , are computed assuming some representative solution of Table I . Each panel shows -for a different solution -the regions in the parameter space (µ∆M, ∆a * ) which correspond to 1σ, 2σ, and 3σ confidence level (top and bottom rows correspond to the scalar and the vector case, respectively). The red cross denotes ∆M = 0 = ∆a * , i.e. it identifies the point of the parameter space in which the solution would be compatible to a Kerr BH. The two left panels correspond to solutions which are close to their Kerr counterpart (cf. Fig. 1 and Table I ) and, accordingly, the red cross falls within the 1σ ellipse. The two middle panels correspond to the case in which the red cross is marginally outside the 3σ confidence level. As anticipated, the deviations grow monotonically for increasing values of z (although not shown, we have checked this statement for all solutions listed in Table I ). In particular, solutions with z larger than that considered in the two middle panels of Fig. 5 are all well outside the 3σ confidence level, as shown in the right panel for two representative cases. This analysis indicates that -if the RPM provides an accurate description of the QPO phenomenology -BHs with scalar hair with z 0.12 and with vector hair with z 0.025 could be excluded/detected by future instruments at more than 3σ level.
It is also interesting to investigate whether current facilities can already put constraints on these models. By repeating the above analysis for the typical uncertainties of RXTE (at the level of 1%), we obtain two representative examples shown in Fig. 6 . These results show that BHs with scalar hair with z 0.27 can be constrained at least at 3σ level. Future facilities will perform significantly better. For example, the scalar solution s7 would be compatible with Kerr at 1σ level with RXTE (cf. left panel of Fig. 6 ) but it would be incompatible at more than 5σ level using eXTP (cf. top right panel of Fig. 5 ). In this case, an improvement by a factor of 5 in the effective area of the detector is crucial.
C. Tests with multiple QPO detections
Let us now discuss the putative case in which more than two QPO triplets are detected from the same BH. We follow the approach discussed in Refs. [51, 57] . In particular, for each solution listed in Table I , we choose N equally spaced values ofr in the ranger = [1.1 − 1.4] r ISCO , and compute the corresponding set of N QPO triplets (ν ϕ , ν nod , ν per ) j=1,...,N . We then express the azimuthal frequency ν ϕ in terms of the radius by solving Eq. (22) for r (recall that the coordinate R is related to r by a simple shift). Upon replacing this expression into Eqs. (23)- (24), we obtain the functions ν M, a ) . For each triplet, we simulate the QPO frequencies by drawing from a Gaussian distribution centered at each given frequency ν ϕ and with the same standard deviation as discussed before, namely we assume a relative error of 0.2% on each frequency. For each drawn value of ν ϕ , we span the M µ − a parameter space and minimize the variable
where ν nod and ν per are those drawn previously. This procedure is equivalent to fitting the dependence of the simulated values ν nod and ν per on ν ϕ based on the assumptions that they were generated in the Kerr case. The χ 2 has average E[χ 2 ] = 2N − 2 and standard deviation σ[χ 2 ] = 2 √ N − 1. Finally, the minimum of Eq. (26) corresponds to the best-fit parameters (M ,â ).
As a representative example, in Fig. 7 we show the results of this analysis for scalar HBH solutions s1 and s7 and considering N = 10 multiple QPO triplets. The former solution represents the case of our sample which is closer to Kerr (q ≈ 0.014, z ≈ 0.0008), whereas the latter solution could be already excluded by a two-triplet detection (cf. top right panel of Fig. 5 ). In these cases, the minimization yields χ compatible with the expectation value E[χ 2 ] = 18 within 2σ, while for s7 the χ 2 is incompatible at more than 1400σ. This already indicates that the observed data would disagree with the theoretical model based on the assumption of a Kerr BH. Furthermore, for s1 the values of ∆ν per = (ν per −ν per ) and ∆ν nod = (ν nod −ν nod ) are all distributed around zero roughly within 1σ, while for s7 the plot shows a clear trend, identifying a correlation with the azimuthal frequency.
D. QPO constraints on boson and Proca stars
Besides allowing for Kerr BHs with bosonic hair, model (1) predicts the existence of self-gravitating solitons (i.e. smooth particle-like configurations without an event horizon) sustained by the wave-like, dispersive nature of the bosonic field. In the scalar and vector case these solutions are called boson stars and Proca stars, respectively (for a review on boson stars, see [23] ). The same techniques discussed above can be applied to boson-and Proca-star configurations, in order to test whether the X-ray signal from these objects can be used to distinguish them from a Kerr BH, or to simply detect them.
The geodesic structure of spinning boson/Proca stars is remarkably different from that of a Kerr BH -see, e.g., Refs. [75, 76] for earlier studies. These solutions can be sorted by their position along the red curve in the left panels of Fig. 1 in a counter-clockwise sense 7 , with the first solutions having the smallest compactness [9] . Because the bosonic field extends from the center of the star to infinity, a boson/Proca star does not have a well defined radius, at variance with the case of perfect-fluid stars. An effective size can be defined by the radius R 99 that contains 99% of the bosonic mass [9, 23] , cf. Table I . Nonrelativistic solutions (i.e., those with R 99 M ), clearly cannot model compact objects. We focus here on relativistic solutions, which lie near the maxi- Table I . The quantitiesν per,nod are the periastron and nodal frequencies computed for the best-fit parameters (M µ,â ), which have been obtained minimizing the chi-square variable (26) . The error bar is 1σ and it is not visible on the scale of the top right panel.
mum of the red curve in the left panels of Fig. 1 .
Relativistic boson stars display qualitative differences relative to the Kerr case. For example, solutions s13 -s15 admit circular co-rotating orbits only forr larger than a critical radius, below which the angular frequency in Eq. (15) becomes complex. These orbits are stable so the critical radius is effectively the ISCO of these geometries, even though in this case ν r at the ISCO is nonzero. As show in Fig. 8 , the epicyclic frequencies near the ISCO of these objects are completely different from the corresponding Kerr case with the same mass and spin.
Indeed, the same analysis performed in the BH case can even provide a null result for boson stars. If the emission radius of the QPO triplet (ν ϕ , ν per , ν nod ) is near the ISCO, either the inversion to obtain the mass, spin and emission radius of a Kerr BH is impossible, or such inversion gives a value of the Kerr spin exceeding the Kerr bound 8 , i.e. a > 1. In principle, there might exist a different triplet (e.g., a linear combination of ν ϕ , ν per , ν nod ) which yields an invertible relation. However, such new combination of epicyclic frequencies should have an intrinsic geometrical meaning and should therefore be valid for any object (including Kerr BHs) and for any emission radius. Given the dramatic differences in the epicyclic frequencies shown in Fig. 8 , it is very unlikely that a combination thereof would be similar to the Kerr counterpart for all boson/Proca stars. On the other hand, the standard inversion is not problematic if the emission occurs at larger dis- 8 The Kerr bound is exceeded by a subset of configurations between the vacuum limit (M = J = 0) and 0 < z < 0.149 for boson stars or 0 < z < 0.0736 for Proca stars. As a representative example, for solution s15 * the inversion gives a > 1 when the emission radiusr 3.2 r ISCO . This already suggests that it is very unlikely to mistake the QPO emission of an accreting Kerr BH by that of an accreting boson star within the RPM, since it is natural to expect that the QPO signal originates deep inside the gravitational potential of the object and near the ISCO, where the density of the accretion disk peaks. Furthermore, even in the unlikely case in which the emission happens at larger distances, the geodesic structure of boson/Proca stars might be so different from that of a Kerr BH that it would be easy to distinguish between the two cases. A representative example is shown in the left panel of Fig. 10 , where we apply the χ 2 analysis previously presented to solution s15
* , in which we consider two emission radii at 3.3 r ISCO and 3.6 r ISCO , which are slightly larger than the critical radius below which the inversion of the QPO triplet is meaningless.
The situation for Proca stars is even more dramatic, since the solutions listed in Table I do not have an ISCO for corotating orbits. (This property holds true also for other Proca stars that we have analyzed but which were not reported in Table I .) Therefore, it is hard to conceive a mechanism that would produce a cut-off frequency associated to the accretion flow for these objects. Matter on the equatorial plane would simply inspiral down all the way to the center of the star orin case of some coupling to the vector field -to some effective "surface", where the vector-field density is nonnegligible (we recall that boson/Proca stars do not have a definite surface). In both cases, the emission is expected to be completely different from that of an accretion disk which extends down to the ISCO. Nonetheless, for completeness, in the right panels of Figs. 8 and 9 we show the azimuthal and epicyclic frequencies for the Proca-star solution v15 * , whereas in the right panel of Fig. 10 we show the χ 2 analysis for the same object, in which we consider two emission radii at 4.76M and at 5.95M . Note that the emission radius has some degree of arbitrariness in this case, due to the absence of an ISCO that would set the scale of an accretion disk. As shown in the right panels of Fig. 8 , at large emission radii the frequencies are similar to their Kerr counterpart. However, the relative deviations are at the level of a few percent, i.e. larger than the observational errors of future detectors. This explains why, even if we consider relatively large emission radii, the χ 2 analysis shown in the right panel of Fig. 10 excludes this solution at more than 3σ level. Had we chosen smaller emission radii, such deviations would have been even larger.
We have applied the above analysis to several boson/Proca star solutions with various emission radii, finding results that are always qualitatively similar to those shown in Fig. 10 ; this suggests that boson/Proca star solutions would be easily distinguishable from a Kerr BH using QPO diagnostic.
V. DISCUSSION AND CONCLUSION
Future large-area X-ray detectors, such as the upcoming eXTP, will allow for precision QPO spectroscopy of accreting compact objects. In this work, we have shown that, if supported by a solid astrophysical model, the QPO spectrum can be used to distinguish between BHs with bosonic hair and Kerr BHs. The former are stationary solutions of standard general relativity minimally coupled to a (complex) massive scalar or massive vector field. Furthermore, we have shown that the same technique can be straightforwardly applied to boson/Proca stars which are also predicted by Einstein's theory in the presence of light bosonic fields.
We have performed a thorough geodesic analysis on several numerical solutions for spinning BHs and boson/Proca stars with arbitrary (i.e. not necessarily small) spin, which have been recently obtained in Refs. [8] [9] [10] . We have identified a phenomenological parameter z, which is a combination of the extra Noether charge of the solutions [cf. Eq. (12)], and which provides a good indicator of the deviations from the Kerr metric.
In particular, our main results can be summarized as follows:
• Assuming the RPM as the model to explain the QPO frequencies, our analysis suggests that BHs with scalar (resp. vector) hair with z 0.12 (resp. z 0.025) can be excluded by future instruments at more than 3σ level (assuming, of course, the observational data will be compatible with Kerr).
• The geodesic structure of boson and Proca stars is so peculiar that their QPO spectrum might even be incompatible with the RPM applied to the Kerr case. For these systems, the possibility of inverting the expressions of the QPO triplet to obtain the properties of a corresponding Kerr BH depends on the emission radius and would in general give inconsistent results if the emission radius is very close to the ISCO, as expected for realistic accretion-disk models.
• All Proca stars that we have analyzed do not even possess an ISCO; this would drastically affect the dynamics of accretion and, in turn, the X-ray flux.
• Our results suggest that the QPO triplet (13) observed in the X-ray spectrum of GRO J1655-40 [51, 66] cannot be generated by either a boson or a Proca star, at least if the nature of the QPOs is predominantly geodesic. Indeed, such frequencies would either be incompatible to the RPM (i.e., they would not correspond to a single mass, spin, and emission radius) or they would correspond to an emission radius much larger than the ISCO (if the latter exist), and therefore highly disfavored by astrophysical considerations. Furthermore, in the latter case the physical parameters (mass and spin) of the object extrapolated from the QPO inversion could be largely inconsistent with the expectations or with independent astrophysical observations (we recall that the mass of GRO J1655-40 inferred from optical/NIR spectro-photometric observations is (5.4 ±0.3)M [67] ). Thus, under our working assumptions, the QPO detection from GRO J1655-40 rules out the possibility that this compact source is a boson or a Proca star.
To model the QPOs we have adopted a simple model (the RPM) as a proxy to interpret the QPOs in terms of geodesic frequencies, but most of the QPO models (including more realistic ones [39] [40] [41] [42] [43] [44] [45] [46] ) assume some correlation between the QPO frequency and geodesic motion of matter in the accretion disk, and would provide similar results. For example, the constraints coming from QPO spectroscopy using the RPM or a modified Epicyclic Resonance model [50] are similar [58] . This is expected since all these models predominantly depend on the geometry of the accretion disk and, in particular, on the ISCO location.
In order for the metric to be stationary, the bosonic field needs to be complex. However, light real bosonic fields might give rise to solutions which are dynamical only on extremely long time scales and which are presumably qualitatively similar to the stationary solutions presented here. This case has been studied for oscillatons [77] -which are the weakly-dynamical counterparts of boson stars -and for BHs with scalar hair in the adiabatic approximation and neglecting backreaction [16] . We expect that our analysis can be straightforwardly extended also to these cases, providing potentially interesting constraints on real bosonic fields (such as axions and dark photons) near compact objects.
Finally, our results confirm the enormous potential of QPO spectroscopy for strong-field tests of gravity (see also Refs. [55, 57, 58] ). Because these tests are less limited by instrumental precision than by astrophysical systematics, we strongly advocate the development of reliable precise astrophysical models of QPO signal from accreting BHs. 
